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We prove that a solution to NavierStokes equations is in L2(0,  : H 2(0))
under the critical assumption that u # Lr, r$, 3r+2r$1 with r3. A boundary L
estimate for the solution is derived if the pressure on the boundary is bounded.
Here our estimate is local. Indeed, employing Moser type iteration and the reverse
Ho lder inequality, we find an integral estimate for L-norm of u. Moreover the
solution is C1, : continuous up to boundary if the tangential derivatives of the
pressure on the boundary are bounded. Then, from the bootstrap argument a local
higher regularity theorem follows, that is, the velocity is as regular as the boundary
data of the pressure.  1998 Academic Press
1. INTRODUCTION AND STATEMENT OF THE RESULT
In this paper we study the boundary regularity of the weak solutions of
the incompressible NavierStokes equations with viscosity &
uit&&2u
i+(u } {) ui+{ip= f, { } u=0 (1)
in D=0_(0, ) with initial data u(x, 0)=u0(x) # L2(0) for x # 0 and
homogeneous boundary data u(x, t)=0 for (x, t) # 0_(0, ), where
0/R3 is an open bounded domain with smooth boundary. We let the
initial data u0 satisfy { } u0=0 in 0 and u0 } n=0 on 0 in a weak sense,
where n is the outward normal vector. We assume that any weak solution
u # L2(0, ; H 1(0)) & L(0, ; L2(0)) satisfies
| u } ,t&{u } {,&(u } {) u } ,+ p{ } , dz=0
for all , # C 0 (D). The existence of weak solutions was proved by Leray
[7] and Hopf [6], and the existence of suitably weak solutions was proved
by Caffarelli, Kohn, and Nirenberg [1]. Here our definition of weak
solution coincides with the definition of the suitably weak solution of [1].
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Since the viscosity can be treated by scaling, we simply assume that &=1.
Also, for simplicity we assume that f is a smooth function in D .
It is well known that if the viscosity is large or data are small, then the
weak solution lies in L(0,  : H1(0)) & L2(0,  : H2(0)). Also if the solu-
tion is bounded, then it lies in L(0,  : H 1(0)) & L2(0,  : H2(0)). We
know that boundedness of u implies higher regularity of u in the interior
and hence we can bound various higher norms in terms of L-norm of u.
From Sobolev’s embedding theorem we know that the solution space of
weak solution L2(0, ; H 1(0)) & L(0, ; L2(0)) lies in L103loc (D). But we
do not know yet how to bound L-norm of u in terms of L103-norm of u.
On the other hand, as far as the interior is concerned, it was proved
by Serrin [4] that any weak solution u of (1) on a cylinder B_(a, b)
satisfying
|
b
a \|B |u| r dx+
r$r
dt< with
3
r
+
2
r$
<1, r3
is necessarily L function on any compact subsets of the cylinder. Observe
that when r=r$=5, then u is in L5 and 5 is the critical number for the
homogeneous Lebesgue spaces. The limiting case 3r+2r$=1, r>3 for the
initial value problem was proved by FabesJonesRiviere [2] and their
method seems not applicable to local problems. Also Struwe improved
Serrin’s method and proved the boundedness of weak solutions in interior
for the critical case, that is, 3r+2r$=1, r>3. Takahashi [11] found
some criterion for L regularity near boundary for the weak solution
satisfying u # Lr, r$, 3r+2r$1. He imposed some integrability conditions
on the velocity gradient and pressure in the domain D, that is,
{u, p # Lr0 , r$0 for all 1<r0 , r$0< with
3
r0
+
2
r$0
=3.
Here we shall prove the L regularity of u up to boundary for the
limiting case that u # Lr, r$(D), 3r+2r$1 with r>3 or u # L3,  with
&u&L3, =0 for some small =0 under the assumption that the boundary
data of the pressure is bounded. For the proof, we first show that u # L5,
if u # Lr, r$(D), 3r+2r$1 with r>3 or u # L3,  with &u&L3, =0 for
some small =0 . Employing Moser type iteration, we show that &u& can be
bounded by &u&p for all p>5. Then from the reverse Ho lder inequality we
bound &u&5+_ for some _ by &u&5 . Combining these two estimates we
bound &u& in terms of &u&5 .
Finally, we show that the weak solution is as regular as the boundary
data of the pressure. First we shall prove that if the tangential derivatives
of the pressure is bounded, the velocity u is C1, : continuous as a function
212 HI JUN CHOE
of space variables. This is achieved from a comparison of the weak solution
and caloric function and the fact that caloric functions satisfy Campanato
type integral inequality. This method has been well established in the
regularity theory of parabolic systems and elliptic systems (see [3] and
[4]). Then, the C1, : regularity will follows from the isomorphism theorem
of Campanato space and Ho lder space. From a bootstrap argument the
weak solution u will be as regular as the boundary data of the pressure.
But, we still do not know if the conditions on the boundary data of the
pressure are necessary for the boundary regularity of weak solutions.
Set x=(x1 , x2 , x3) and z=(x, t). We define BR(x0)=[x : |x&x0 |<R],
B+R (x0) = [x # BR(x0) : x3>0], QR(x0 , t0) = BR(x0)_(t0 & R
2, t0) and
Q+R (x0 , t0)=[(x, t) # QR(x0 , t0) : x3>0]. If there is no confusion in the
local estimates, we assume z0=(0, 0) and drop z0 in various expressions.
We denote Lm(Q), 1m< the space of Lebesgue measurable functions
with mth power absolutely integrable. This is the Banach space with the
norm & f &Lm(Q)=(Q | f |
m dz)1m. When m=, L(Q) is the space of
essentially bounded functions with the norm & f &L(Q)=ess supQ | f |.
Lr, r$(Q) is the space of Lebesgue measurable functions f satisfying
& f &Lr, r$(Q)=\|
T
0 _|BR | f |
r dx&
r$r
dt+
1r$
<,
where Q=BR_(0, T ). The Sobolev space W k, m(Q) is the space of
functions in Lm(Q) with derivatives of order less than or equal to k in
Lm(Q) (k an integer). This is a Banach space with the norm & f &Wk, m(Q)=
( | j |k &{ jf &mLm(Q))
1m. In particular when m=2, W k, 2(Q)=H k(Q) is
Hilbert space. We define Q f dz=1|Q| Q f dz. We denote c a constant
depending only on exterior data. Now we state our main result. Let
:0(0)=sup[&v&L6(0) &v&H10(0) : v # H
1
0(0)] be the Sobolev constant.
Theorem 1. Suppose that (u, p) is a weak solution and that u0 # H 20(0).
If u # Lr, r$(D) for some (r, r$) satisfying 3r+2r$1 with r>3 or
u # L3, (D) with &u&L3, <=0 for some small =0 depending only on the
Sobolev constant :0(0), then
u # L2(0,  : H 2(0)) & L(0,  : H1(0)).
In the following two theorems we are interested in the boundary regularity
near boundary and hence we assume that D=Q+2 .
Theorem 2. Suppose (u, p) is a weak solution. There exists a positive
constant _ such that if u # Lr, r$(D) for some (r, r$) satisfying 3r+2r$1
213NAVIERSTOKES EQUATIONS
with r>3 or u # L3, (D) with &u&L3, <=0 for some small =0 depending only
on the Sobolev constant :0(0), and p # L(D & Q32), then
sup
Q+
18
|u|c \|Q
1
+
|u|3 dz+
5+_3_
+c
for some positive constant c depending on =0 .
Theorem 3. Suppose (u, p) is a weak solution and u # Lr, r$(D) for some
(r, r$) satisfying 3r+2r$1 with r>3 or u # L3, (D) with &u&L3, <=0 for
some small =0 depending only on the Sobolev constant :0(0). Let k be a fixed
nonnegative integer. Then, if the tangential derivatives of the pressure
;1+;2px;1t;2 # L(D & Q2) for each (;1 , ;2) with |;1 |+;2k, then
u # Ck, :(Q+1 ) for all : # [0, 1), where ;1=(k1 , k2 , 0) is multi-index.
2. L(0,  : H1(0)) & L2(0,  : H2(0)) REGULARITY
In this section we prove that any solution to a Dirichlet problem satisfy-
ing u # Lr, r$(D), 3r+2r$1 with r>3 or u # L3, (D) with &u&L3, <=0 for
some small =0 is in L(0,  : H 1(0)) & L2(0,  : H2(0)). We let u be a
weak solution to NavierStokes equations
ut&2u+(u } {) u+{p= f, { } u=0
in D with boundary condition u(x, t)=0 for (x, t) # 0_(0, ) and the
initial condition u(x, 0)=u0(x) for x # 0. We assume that 0 is C2, :
domain, that is, locally 0 represented by x3=h(x$) for some C 2, : function
h under a suitable change of coordinate and u0 # H 20(0). We state a
Sobolev-type embedding theorem which is suitable for studying the Serrin
condition.
Theorem 4. Let v( } , t) # H 10(0) for almost all t>0. Suppose u # L
r, r$(0)
with 3r+2r$1, with r>3, then we have
| |u|2 |v|2 dzc(r, r$) &u&2Lr, r$(D) \supt |0 |v| 2 dx+
(r&3)r
\|D |{v| 2 dz+
3r
.
If u # L3, (D), then we have
| |u|2 |v|2 dzc &u&L3, (D) |
D
|{v|2 dz.
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Proof. From the Ho lder inequality we have
| |u| 2 |v|2 dz| _| |u| r dx&
2r
_| |v|2r(r&2) dx&
(r&2)r
dt
\| _| |u| r dx&
r$r
dt+
2r$
_\| _| |v|2r(r&2) dx&
((r&2)r)(r$(r$&2))
dt+
(r$&2)r$
.
Observe that if r3,
2r
r&2
6.
Thus from the Ho lder inequality we have
| |v| 2r(r&2) dx_| |v|2 dx&
(r&3)(r&2)
_| |v| 6 dx&
1(r&2)
.
Hence we get
| |u| 2 |v|2 dz
\| _| |u| r dx&
r$r
dt+
2r$
_\| _| |v| 2 dx&
((r&3)r)(r$(r$&2))
_| |v|6 dx&
(1r)(r$r$&2)
dt+
(r$&2)r$
&u&Lr, r$(D) _supt |0 |v| 2 dx&
(r&3)r
_\| _|0 |v| 6 dx&
(1r)(r$(r$&2))
+
(r$&2)r$
.
On the other hand
3
r
+
2
r$
1 if and only if
1
r
r$
r$&2

1
3
.
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Therefore we conclude from the Sobolev embedding theorem that
\| _|0 |v|6 dx&
(1r)(r$(r$&2))
+
(r$&2)r$
c \| _|0 |v| 6 dx&
13
+
3r
c \|D |{v|2 dz+
3r
and this completes the proof.
Lemma 5. Suppose that u0 # H 20(0). If u # L
r, r$(D) for some (r, r$)
satisfying 3r+2r$1 with r>3 or u # L3, (D) with &u&L3, =0 for some
small =0 depending only on :0(0), then we have
ut # L2(0, : H 1(0)) & L(0, : L2(0))
and
sup
t | |ut |
2 dx+| |{ut |2 dzc | | ft | 2 dz+c | |ut(x, 0)|2 dx
for some c.
Proof. Assume r>3. For any given =>0 we can choose a sequence of
time [0, T1 , T2 , ..., Ti , Ti+1 , ...] such that
\|
Ti+1
Ti _|0 |u|
r dx&
r$r
dt+
2r$
=
for all i. Note that from absolute continuity of the Lebesgue integral we can
assume that Ti+1=.
Formally we take the time derivative of the NavierStokes equations and
hence
utt&2ut+(u } {) ut+(ut } {) u+{pt= ft .
We observe that ut=0 on 0_(0, ). Thus we apply ut as a test function
and integrate from Ti to TTi+1 . Then we find that
| |ut |2 dx(T )+| |{ut |2 dz
=&| (u } {) ut ut dz&| (ut } {) uut dz+| ftut dz+| |ut(x, Ti)|2 dz
=I+II+III+IV.
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From integration by parts, we know that I=0 and
II=&| (ut } {) uut dz| |{ut | |u| |ut | dz
 18 | |{ut |2 dz+c | |ut | 2 |u|2 dz.
From Lemma 4, we have
| |ut |2 |u| 2 dzc &u&Lr, r$(DTi , Ti+1) \ supTitTi+1 |0 |ut |
2 dx+
(r&3)r
_\|DTi , Ti+1 |{ut |
2 dz+
3r
.
Therefore if = is so small that c= 18 , we get
sup
TitTi+1
|
0
|ut |2 dx+|
DTi , Ti+1
|{ut |2 dz
c= \ supTitTi+1 |0 |ut |
2 dx+|
DTi , Ti+1
|{ut |2 dz+
+c | | ft |2 dz+c | |ut(x, Ti)|2 dx
and
sup
TitTi+1
|
0
|ut |2 dx+|
DTi , Ti+1
|{ut | 2 dzc | | ft |2 dz+c | |ut(x, Ti)|2 dx
for some c. Therefore iterating on i we can prove
sup
t
|
0
|ut |2 dx+|
D
|{ut | 2 dzc | | ft |2 dz+c | |ut(x, 0)|2 dx
for some c. Observe that ut(x, 0)=2u0(x)&(u0 } {) u0(x)&{p(x, 0)+
f (x, 0) and 2p(x, 0)=&(2xix j )(u i0(x) u
j
0(x))+{ } f (x, 0) with (n)_
p(x, 0)=(2u0(x)&(u0 } {) u0(x)+ f (x, 0)) } n(x) for all x # 0, where n(x)
is the outward normal vector at x # 0. Observe that (2u0(x)&
(u0 } {) u0+ f (x, 0)) } n(x) # H12(0) and there is a unique solutioin p(x, 0)
# H1(0)R. Hence {p(x, 0) # L2(0) and ut(x, 0) # L2(0) and the proof for
the case r>3 follows.
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The case u # L3,  can be treated from the estimate
| |ut|2 |u| 2 dzc &u&L3,  | |{ut |2 dzc=0 | |{ut |2 dz.
To be rigorous we let v be the unique solution of the linear equations
vt&2v+(u } {) v+(v } {) u+{q= ft , { } v=0
with boundary data v=0 on 0_(0, ) and initial data v(x, 0)=
2u0(x)&(u0 } {) u0(x)&{p(x, 0)+ f (x, 0). Thus from the existence and
uniqueness of Stokes type equations we find that v=ut in the weak sense
and ut satisfies the required estimate. This completes the proof.
We show that &{u&L2(0)(t) is uniformly bounded in t. Taking u as a test
function to NavierStokes equations we have
|
0
|{u| 2 dx=&|
0
ut } u dx+|
0
f } u dx.
From Lemma 5, we know that &ut &L2(0)(t)<c for some c and for all t. Also
from the definition of weak solution &u&L2(0)(t)<c for some c and for all
t. Therefore from the Ho lder inequality we prove that &{u&L2(0)(t) is
uniformly bounded in t.
Corollary 6. Suppose (u, p) satisfies the assumption of Theorem 5.
Then there is a constant c such that
&{u&L2(0) (t)<c
for all t.
Now we estimate the localized L2 norm of {2u near boundary. For
simplicity we assume that 0=[x3=0] and this assumption can be
generalized under coordinate change. Let QR, T (x0 , t0)=BR(x0)_
(t0&T, t0), DR, T=D & QR, T and 0R=0 & BR .
Lemma 7. Suppose that u satisfies
1
R \|
t0
t0&T _|02R |u|
r dx&
r$r
dt+
1r$
=120
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for some (r, r$) satisfying 3r+2r$1, r>3, or 1R &u&L3, (D2R, T )=
12
0 ,
then we have
sup
t0&Ttt0
|
0R
|uxk |
2 dx+|
DR, T
|{uxk |
2 dz
<c=0 \ supt0&Ttt0 |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
+c |
02R
|uxk(x, t0&T )|
2 dx+c |
D2R, T
|uxk |
2+| p|2 dz
+c |
D2R, T
|{f |2 dz
for k=1, 2.
Proof. We take , # C 0 (B2R(x0)) as the standard cut-off function in
B2R(x0) such that ,=1 in BR(x0) and |{,|cR. We differentiate
NavierStokes equations with respect to xk , k=1, 2 and obtain
(uxk)t&2uxk+(uxk } {) u+(u } {) uxk+{pxk= fxk .
Observe that uxk=0, k=1, 2 on 0_(0, ) and uxk are divergence free.
Then we take uxk,
2 as a test function. Hence we obtain
1
2 sup
t0&T<t<t0
| |uxk | 2 ,2 dx+| |{uxk |2 ,2 dz
= 12 | |uxk(x, t0&T )|2 ,2 dx&2 | {uxk } {,uxk , dx
+| (u } {) uxk uxk ,2 dz+| (uxk } {) uuxk ,2 dz
+2 | pxk(uxk } {,,) dz+| fxk uxk ,2 dz
=I+II+III+IV+V+VI.
From Corollary 6 we know already that I<. From the Ho lder
inequality we have
II
1
8 |D2R, T |{uxk |
2 ,2 dz
c
R2 |D2R, T |{u|
2 dz.
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Also from integration by parts, the Ho lder inequality, and Lemma 4
IIIc | |u| |uxk |2 |{,,| dz

c
R
&|u|12&2Lr, r$(D2R, T ) \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
and
IVc | |u| |{uxk | |uxk | |{,,| dz+c | |u| |uxk |2 |{,,| dz

c
R
&|u|12&2Lr, r$(D2R, T ) \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
+
c
R2
&u&2Lr, r$(D2R, T ) \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
+
1
8 | |{uxk |
2 ,2 dz.
Finally we have
V2 | p(uxkxk } {,,+uxk } ({,,)xk) dz

1
8 | |{uxk |
2 ,2 dx+
c
R2 | |uxk |
2+| p| 2 dz.
From the assumption we have
sup
t
|
0R
|uxk |
2dx+|
DR, T
|{uxk |
2 dz
c=0 \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
+c |
02R
|uxk(x, t0&T )|
2 dx+|
D2R, T
|uxk |
2+ p2 dz+c |
D2R, T
|{f |2 dz
for k=1, 2. This completes the proof.
Although the domain of integration of the right-hand side in space
variables is larger than that of the left-hand side in the inequality of
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Lemma 7, the integration intervals of the time are the same. This observa-
tion is important in the proof of our main result Theorem 10 in this
section. Now we estimate L2-norm of the tangential derivatives of pressure
as in the case of HelmholtzWeyl decomposition. Let us recall a lemma
proposed by Giaquinta (see Proposition 1.1 and Corollary 1.6 in [4]).
Lemma 8. Let 0 be a bounded domain with Lipschitz boundary. We
define L : H1(0)  L2(0) the divergence operator and L* is the dual
operator. Then the following are true:
1. Ker L*=R and Range L=L2(0)R. Moreover, Range L is closed.
2. For all f # L2(0)
|
0 } f &
1
|0| |0 f dy }
2
dxc(0) &L*f &2H&1(0).
3. For all u # Ker L=
|
0
|{u| 2 dxc(0) |
0
|{ } u| 2 dx.
Differentiating with respect to xk , k=1, 2, we have
{pxk=&(uxk)t+2uxk&((u } {) u)xk+ fxk
for k=1, 2. Hence for any vector v # H 10(0) we obtain
|
0R
pxk { } v dx=|
0R
utvxk dx&|
0R
{uxk {v dx
+|
0R
(uu)xk {v dx&|
0R
fvxk .
Therefore from the previous lemma we have
&pxk &
2
L2(0R)
c &{uxk &
2
L2(0R)
+c &ut &2L2(0R)+c &(uu)xk &
2
L2(0R)
+& f &2L2(0R)
for some c (see Theorem 2.3 in [4]). We integrate this estimate from t0&T
to t0 . To estimate the term involving (uu)xk , we apply Lemma 4 and
obtain
&(uu)xk &
2
L2(0R)
c &u&2Lr, r$(D2R, T ) \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+ .
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Hence the following lemma holds.
Lemma 9. Suppose u satisfies the assumptions of Lemma 7. Then we
have
|
DR, T
| pxk |
2 dzc |
DR, T
|{uxk |
2 dz+c |
DR, T
|ut |2 dz+c |
DR, T
| f |2 dz
+c &u&2Lr, r$(D2R, T ) \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
c=0 \supt |02R |uxk |
2 dx+|
D2R, T
|{uxk |
2 dz+
+c |
DR, T
|ut | 2 dz+c |
02R
|uxk(x, t0&T )|
2 dx
+c |
D2R, T
|uxk |
2+| p| 2 dz+c |
D2R, T
| f |2+|{f | 2 dz
for k=1, 2.
Now we can prove our main theorem in this section.
Theorem 10. Suppose that u # Lr, r$(D) for some (r, r$) satisfying
3r+2r$1 with r>3 or u # L3, (D) with &u&L3, (D)=0 for some =0
depending only on :0(0). Then u # L2(0, , H2(0)) & L(0,  : H 1(0)).
Proof. We only prove on the time interval (0, T ) for sufficiently small T.
The proof can be modified for large time T by choosing a sequence of times
as in the proof of Lemma 5.
We cover the boundary 0 with small balls BRi . Fix a small ball BRi .
For this small ball we assume that 0 & BRi=[x3=0] after suitable
coordinate change. The NavierStokes equations will have some variable
coefficients depending on x. But if Ri is small enough, all the estimates will
be the same as the original NavierStokes equations. Hence we can use
the previous estimates for tangential derivative of velocity and pressure in
the coordinate directions. We have all the estimates except the pure
second derivatives of velocity in the normal direction. For instance we note
that
u1x3x3=u
1
t &u
1
x1x1
&u1x2x2+(u } {) u
1+ px1& f
1.
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Thus we find that
|
T
0
|
0Ri
|u1x3x3 |
2 dx dt10 |
T
0
|
0Ri
|u1t |
2 dx dt+10 |
T
0
|
0Ri
|u1x1x1 |
2 dx dt
+10 |
T
0
|
0Ri
|u1x2x2 |
2 dx dt+10 |
T
0
|
0Ri
|u| 2 |{u|2 dx dt
+10 |
T
0
|
0Ri
| px1 |
2 dx dt+10 |
T
0
|
0Ri
| f |2 dx dt
=I+II+III+IV+V+VI.
We know already from Lemma 5
I<cT |
D
| ft |2 dz+cT |
0
|ut(x, 0)|2 dx.
Also from Lemma 7 we have
II+IIIc=0 |
D2Ri , T
|{2u|2 dz+=0 sup
t
|
02Ri
|{u| 2 dx
+c |
02R
|{u(x, 0)| 2 dx+c |
D2Ri , T
|{u|2+| p|2 dz
+c |
D2Ri , T
|{f |2 dz.
From Lemma 4 we have
IVc &u&Lr, r$(02Ri_(0, T )) \supt |02Ri |{u|
2 dx+|
T
0
|
02Ri
|{2u|2 dz+ .
Thus if T is sufficiently small, we have
IVc= \supt |02Ri |{u|
2 dx+|
T
0
|
02Ri
|{2u|2 dz+ .
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Finally from Lemma 9 we have
|
T
0
|
0Ri
| px1 |
2 dzc=0 \supt |02Ri |uxk |
2 dx+|
D2Ri , T
|{uxk |
2 dz+
+c |
DRi , T
|ut |2 dz+c |
02Ri
|uxk(x, t0&T )|
2 dx
+c |
D2Ri , T
|uxk |
2+| p| 2 dz+c |
D2Ri , T
| f | 2+|{f |2 dz
for some c. Therefore combining all the above estimates for sufficiently
small T we find that
|
T
0
|
0Ri
|u1x3x3 |
2 dx dtc+c=0 |
T
0
|
02Ri
|{2u|2 dz
and similarly we can estimate u2x3x3 . From divergence free condition of u we
have u3x3x3=&u
1
x1x3
&u2x2x3 and we conclude that
|
T
0
|
0Ri
|{2u|2 dzc=0 |
T
0
|
02Ri
|{2u|2 dz+c.
Now we consider the original domain. Denoting 0 as the original domain,
we define
0$=[x # 0 : dist(x, 0)<$]/.
i
BRi .
Therefore we get
|
T
0
|
0$
|{2u| 2 dzc=0 |
T
0
|
02$
|{2u|2 dz+c.
Since u is regular in the interior, {2u is bounded if dist(x, 0)$.
Therefore for sufficiently small =0 such that c=0< 12 we prove
|
T
0
|
0$
|{2u| 2 dz< and |
T
0
|
0
|{2u|2 dz<.
Therefore choosing a sequence of times [0, T1 , T2 , ...], we finish the proof.
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Since {p=&ut+2u&(u } {) u+ f, we have also the following corollary.
Corollary 11.
p # L2(0,  : H1(0)).
3. ESTIMATE OF PRESSURE
In this section we assume that p # L(D). Here the meaning of the
pressure on the boundary is defined in the sense of trace. To study the
behavior of solutions near boundary, we find a reflection principle. Our
estimate in this section is local. For simplicity we let 0=R2_R+ and so
the boundary of domain is x3=0. We define u~ i (x1 , x2 , x3 , t)=ui (x1 , x2 ,
x3 , t) for i=1, 2, 3, if x30, and u~ i (x1 , x2 , x3 , t)=&u i (x1 , x2 , &x3 , t) for
i=1, 2 and u~ 3(x1 , x2 , x3 , t)=u3(x1 , x2 , &x3 , t) if x3<0. That is, we make
an odd reflection for u1 and u2, and an even reflection for u3. For each t
we solve
2q=0
in 0 & B1 with q= p on 0 & B1 and q=0 on B1 & 0. We let p = p&q
and hence
ut&2u+(u } {) u+{p =&{q+ f
for x3>0. We define q~ (x1 , x2 , x3 , t)=q(x1 , x2 , x3 , t) if x30 and
q~ (x1 , x2 , x3 , t)=&q(x1 , x2 , &x3 , t) if x3<0. Also we define p~ (x1 , x2 ,
x3 , t)=p (x1 , x2 , x3 , t) if x30 and p~ (x1 , x2 , x3 , t)=&p (x1 , x2 , &x3 , t) if
x3<0. f is defined in the same way. With these definitions we find that
u~ =0 and p~ =0 on x3=0. Moreover, we have that
ut~ &2u~ &(u~ } {) u~ +{p~ =&{q~ + f
and { } u~ =0 for x3<0.
Let R<1. We denote x$=(x1 , x2). Then from integration by parts we
have for each , # C 0 (QR)
| u~ ,t+u~ 2,+sign(x3) u~ iu~ j, ixj+ p~ { } , dz
=&| q~ { } , dz&2 | dt |
x3=0
p(x$, 0, t) ,3(x$, 0, t) dx$&| f , dz.
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Although the following lemma can be proved from standard integration by
parts, it deserves to be listed as a lemma.
Lemma 12. We have for each t that
2p~ =&(sign(x3) u~ iu~ j)xi xj&2q~ +{ } f
+2

x3
($(x3=0) p(x$, 0, t))
in the sense of distributions in BR , that is,
| p~ 2, dx=&| sign(x3) u~ iu~ j,xi xj dx&| q~ 2, dx
&| f { } , dx&2 | p(x$, 0, t) ,x3 dx$
for all , # C 0 (BR).
From Poisson integral expression we obtain a localized estimate of the
L p-norm of the pressure. Since 2( p~ ,)=2,p~ +2 {, } {p~ +, 2p~ for any
smooth function ,, we have
,(x) p~ (x, t)=&
1
4? |R3
1
|x& y|
2y(,p~ ( y, t)) dy
=&
1
4? |R3
1
|x& y|
( p~ 2,+2 {, } {p~ +, 2p~ ) dy.
Integrating by parts on the second term, we obtain that for , # C 0 (R
3)
&
1
4? |R3
1
|x& y|
( p~ 2,+2 {, } {p~ ) dy
=
1
4? |
1
|x& y|
2,p~ dy+
1
2? |
x i& y i
|x& y| 3
,yi p~ dy.
Applying Young’s convolution theorem we prove that
"& 14? |R3
1
|x& y|
( p~ 2,+2 {, } {p~ ) dy"Lm(R3_(0, T )
C(q) &,&C2 " 1|x& y|+
1
|x& y|2"Lq(supp(,)_(0, T )) &p&Lr(supp(,)_(0, T )) ,
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where 1+(1m)=1q+1r. Note that &(1|x& y| )+(1|x& y|2)&Lq(supp(,))
< for all q # (1, 32). From Lemma 12 we get
&
1
4? |
1
|x& y|
,( y) 2p~ ( y, t) dy
=
1
4? | \
1
|x& y|+yi yj , sign( y3) u
iu j dy
&
1
2? |
x i& y i
|x& y|3
,yj sign( y3) u
iu j dy
+
1
4? |
1
|x& y|
,yi yj sign( y3) u
iu j dy
&
1
3
,(x) |u|2 (x, t)+
1
4? | q~
2,
|x& y|
dy
&
1
2? |
x i& y i
|x& y|3
,yj q~ dy&,(x) q~ (x, t)
+
1
2? |x3=0 p(x$, 0, t)

x3 \
,
|x& y|+ dy+| f { } \
,( y)
|x& y|+ x
=P1+P2+P3+P4+P5+P6+P7+P8+P9 .
Here P1 is understood as a singular integral operator. From Calderon
Zygmund L p estimate and potential estimates,
&P1&Lm+&P2&Lm+&P3&Lm+&P4 &Lmc &u,12&2L2m
for all m>1. Then, from the maximum principle we have
sup |q~ |&p&L(D & (B1_(0, T )))
and hence we obtain
&P5&Lm+&P6&Lm+&P7&Lmc(&,&C2) &p&L(D & (B1_(0, T )))
for all m>1. Finally we have that
&P8&L(t)c } | p( y$, 0, t) _ ,y3
1
- (x1& y1)2+(x2& y2)2+x23
+,( y)
x3
- (x1& y1)2+(x2& y2)2+x23 3& dy1 dy2 } .
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We observe that for each fixed (x1 , x2 , x3)
x3
- (x1& y1)2+(x2& y2)2+x23 3
# L1(R2).
Indeed considering the polar coordinate, we have that, for each fixed
(x1 , x2 , x3),
|
R2 }
x3
- (x1& y1)2+(x2& y2)2+x23 3 } dy1 dy2=|

0
2?s
- s2+13
ds<
and hence
&P8&Lc(,) &p&L(D & (B1_(0, T ))) .
Now we recall that when x3>0, p(x, t)= p~ (x, t)+q(x, t). Combining these
estimates we get a lemma suitable for iteration.
Lemma 13. Suppose (u, p) is a weak solution. Let , # C 0 (B2) with ,#1
in a neighborhood of B1 . Then, 1r<3
&,p&Lmc &,&C2 (&u&2L2m(supp(,))+&p&Lr(supp(,))+&p&L(supp(,) & D)) (2)
for all m # (1, 3r (3&r)) and for some c depending on r.
Note that when r=1,
&p,2&Lm(Q
2
+)c &u,&2L2m(Q
2
+)+c &p&L1(Q2+)+c &p&L(D)+c & f &L2(Q2+) (3)
for all m< 32 . Iterating (2) and using Ho lder’s inequality we get for all
m # (1, )
_|Q
2
+
| p,2|m dz&
1m
c _|Q
2
+
|u,| 2m dz&
1m
+c &p&L1(Q
2
+)+c &p&L(D)+c & f &L2(Q
2
+)
for some c.
Lemma 14. Suppose that(u,p) is a weak solution, then for all m>1
&p,2&Lm(Q
2
+)c &u,&2L2m(Q
2
+)+c &p&L1(Q2+)+c &p&L(D)+c& f &L2(Q2+)
for some c depending on m.
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We observe that (uR(x, t), pR(x, t), fR(x, t))=(Ru(Rx, R2t), R2p(Rx, R2t),
R3f(Rx, R2t)) also satisfy the NavierStokes Eqs. (1) and hence with scal-
ing we can write (3) as follows
|
Q+
2R
| p,2|m dzc |
Q+
2R
|u|2m dz+cR5&5m _|Q+
2R
| p| dz&
m
+cR5 &p&mL(D)+cR
m |
Q+2R
| f |m dz.
4. L ESTIMATE OF VELOCITY
Employing Moser type iteration we have a weak type estimate of sup |u|.
Since we are interested in boundary regularity locally, we assume that
D=Q+4 .
Since inhomogeneous Lebesgue space is hard to handle, we show u lies in the
homogeneous Lebesgues space L5. This will greatly simplify our iterations.
Lemma 15. Suppose that u # Lr, r$(Q+1 ), 3r+2r$1, r>3 or
u # L3, (Q+1 ) with &u&L3, (Q1+)=0 for some small =0 , then u # L
5(Q+12).
Proof. Let 12<\<s1 and ’ a standard cut-off function such that
0’1, ’=0 on pQs , ’#1 in Q\ ,
|{’|
c
s&\
, |’t |
c
(s&\)2
for some positive constant c, where pQs is the usual parabolic boundary
of Qs . We take |u| u’2 as a test function to (1) and get
J= 13 sup
t
|
Bs
+
|u|3 ’2(x, t) dx+|
Qs
+
|u| |{u|2 ’2 dz+ 14 |
Qs
+
|u|&1 |{ |u| 2|2 ’2 dz
= 23 |
Qs
+
|u|3 ’’t dz+ 23 |
Qs
+
|u|3 ’(u } ) ’ dz&|
Qs
+
|u| ’ { |u| 2 } {’ dz
+2 |
Qs
+
p’ |u| (u } {) ’ dz+ 12 |
Qs
+
p’2 |u|&1 (u } {) |u|2 dz
+|
Qs
+
f } u |u| ’2 dz
c |
Qs
+
|u|3 dz+c |
Qs
+
|u| 5 ’2 dz+c |
Qs
+
| p’|2 |u| dz+c+ 12J.
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Having v=|u|32’ in Lemma 4 we obtain
|
Qs
+
|u|5 ’2 dzc &u&2Lr, r$ J
and from Lemma 14 and Ho lder inequality
|
Qs
+
| p’|2 |u| dz_|Qs+ |u|
5 ’2 dz&
15
_|Qs+ | p|
52 ’2 dz&
45
c |
Qs
+
|u|5 ’2 dz+cc &u&2Lr, r$ J+c
and choosing the domain of integration so small that c &u&2Lr, r$
1
2 , we get
J< and consequently
|
Qs
+
|u|5 ’2 dzcJ<.
This completes the proof.
Lemma 16. Suppose (u, p) is a weak solution. Then, for any positive
constant _,
sup
Q12
|u|c \|Q1 |u|
5+_ dz+
1_
+c
for some constant c depending only on _.
Proof. Let 12<\<r1 and ’ a standard cut-off function such that
0’1, ’=0 on pQr , ’#1 on Q\ ,
|{’|
c
r&\
, |’t |
c
(r&\)2
for some positive constant c. Let T # (&r2, 0) and :>1 be given. We let
/[&r2, T](t) be the characteristic function such that /[&r2, T](t)=1 if
t # [&r2, T] and /[&r2, T](t)=0 otherwise. We take |u| : ui’2/[&r2, T] as a
test function to (1) and get
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1
:+2 |Br+
|u|:+2 ’2(x, T ) dx+|
Qr
+
|u|: |{u| 2 ’2 dz
+
:
4 |Qr+
|u|:&2 ’2 |{ |u|2|2 dz
=
2
:+2 |Qr+
|u|:+2 ’’t dz+
2
:+2 |Qr+
|u|:+2 ’(u } {) ’ dz
&|
Qr
+
|u|: ’ { |u|2 } {’ dz+2 |
Qr
+
p’ |u|: (u } {) ’ dz
+
:
2 |Qr+
p’2 |u|:&2 (u } {) |u| 2 dz+|
Qr
+
f } u |u| : ’2 dz.
Since T is arbitrary, we get
1
:+2
sup
t
|
Br
+
|u|:+2 ’2(x, t) dx+|
Qr
+
|u| : |{u|2 ’2 dz
+
:
4 |Qr+
|u|:&2 |{ |u| 2|2 ’2 dz

2
:+2 |Qr+
|u|:+2 ’ |’t | dz+
2
:+2 |Qr+
|u|:+3 ’ |{’| dz
+
16
: |Qr+
|u|:+2 |{’|2 dz+2 |
Qr
+
| p| |u|:+1 |{’| ’ dz
+4: |
Qr
+
| p|2 |u| : ’2 dz+|
Qr
+
| f | |u|:+1 ’2 dz.
Now the two terms involving the pressure can be estimated by
|
Qr
+
| p|2 |u| : ’2 dz|
Qr
+
|u| :+4 dz+|
Qr
+
| p’| (:+4)2 dz
and
|
Qr
+
|u|:+1 | p’| |{’| dz
c |
Qr
+
|u|:+2 |{’|2 dz+c |
Qr
+
|u|: | p’| 2 dz
c |
Qr
+
|u|:+2 |{’|2 dz+c |
Qr
+
|u|:+4 dz+c |
Qr
+
| p’| (:+4)2 dz
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for some c. With these estimates we obtain that
1
:+2
sup |
Br
+
|u|:+2 ’2(x, t) dx+|
Qr
+
|u|: |{u|2 ’2 dx

4
:+2
&’t& |
Qr
+
|u|:+2 dz+
4
:+2
&{’& |
Qr
+
|u|:+3 dz
+
16
:
&{’&2 |
Qr
+
|u| :+2 dz+c: |
Qr
+
|u|:+4 dz
+c(:+1) |
Qr
+
| p’| (:+4)2 dz+c(:)+c |
Qr
+
| f | :+2 dz
for some c. It follows from the Ho lder inequality, the Sobolev inequality
and the previous estimate that
|
Q\
+
|u|53(:+2) dz
|
Qr
+
|u| 53(:+2) ’103 dz=|
Qr
+
( |u|:+2 ’2)23 ( |u|:+2 ’2) dz
|
t0
t0&r
2 \|Br+ |u|
:+2 ’2 dx+
23
\|Br+ |u|
3(:+2) ’6 dx+
13
dt
\supt |Br+ |u|
:+2 ’2 dx+
23
|
t0
t0&r
2 \|Br+ ( |u|
(:+2)2’)6 dx+
26
dt
c \supt |Br+ |u|
:+2 ’2 dx+
23
|
Q\
+
|{ |u| (:+2)2’|2 dz
(c1:+c2)c3 \ 1(r&\)2 |Qr+ |u|
:+4+1 dz+|
Qr
+
| p’| (:+4)2 dz+
1+(23)
.
Using the estimate in Lemma 14, we obtain
|
Q\
+
|u|53(:+2) dz\ c(r&\)2 |Qr |u|
:+4 dz+
53
+c (4)
for some c. Now we set :0=1+_ and define a sequence [:i]i=0 by a
recurrence relation
:i+1+4= 53 (:i+2).
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We also define sequences [Ri]i=0 and [8 i]

i=0 by
Ri=
1
2 \1+
1
2i+ and 8i=|QRi |u|
:i+4 dz.
Choose :=:i , r=Ri and \=Ri+1 in (4) and hence we have that
8i+1ci+1853i +c
i+1 (5)
for some large constant c. Iterating (5) we obtain
8i2(53)+(53)
2+ } } } +(53)i&1ci+(53)(i&1)+ } } } +(53)i&18 (53)0
+i2(53)+(53)2+ } } } +(53)i&1ci+(53)(i&1)+ } } } +(53)i&1.
Note that
lim
i  
:i+4
(53) i
=_.
Hence sending i   we have
sup
Q+
12
|u|c \|Q
1
+
|u|5+_ dz+
1_
+c
and the proof is completed.
Now we consider the critical case. Applying the reverse Ho lder
inequality, we find an L bound of u in terms of L5-norm of u.
Lemma 17. Suppose (u, p) is a weak solution and Q
1
+ |u| 5 dz<. Then
there exists a constant c such that
\|Q+
12
|u|5+_ dz+
1(5+_)
c \|D1 |u|
5 dz+
15
+c
for some _ # (0, 1).
Proof. We fix =0>0 which is decided later. We take R # (0, 12) so small
that QR+ |u|
5 dz<=0 . This is possible since we are assuming Q
1
+ |u| 5 dz<.
We also take ’ a standard cut-off function such that
0’1, ’=0 on pQ2R , ’#1 on QR ,
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Let T # (&4R2, 0). We take |u| ui’2/[&4R2, T] as a test function to (1) and get
sup
t
|
BR
+
|u|3 (x, t) dx+|
BR
+
|u| |{u|2 dz
c |
Q+2R
|u|5 dz+
c
R2 |Q+2R
|u|3 dz+c |
Q+2R
| p|52 dz+cR4 |
Q+2R
| f | 3 dz.
From Lemma 14 we obtain
|
Q+
4R
| p|52 dzc |
Q+
4R
|u|5 dz+c \ 1R3 |Q+
4R
| p| dz+
52
+cR5 &p&L(D)
+cR52 |
Q+
4R
| f |52 dz.
By the Ho lder inequality, the Sobolev inequality and (6) we obtain
|
QR
+
|u|5 dz\supt |BR+ |u|
3 (x, t) ’2 dx+|
QR
+
|u| |{u| 2 ’2 dz+
53
c \|Q+4R |u|
5 dz+
53
+c \ 1R2 |Q+4R |u|
3 dz+
53
+c \ 1R3 |Q+
4R
| p| dz+
256
+cR253 &p&53L(D)+cR
15 & f &5L+cR
152 & f &256L
for some c. Taking average in Q+R , we have
|
QR
+
|u|5 dzc \|Q+
4R
|u| 5 dz+
23
\|Q+
4R
|u| 5 dz+
+c \|Q+
4R
|u|3dz+
53
+cR103 \|Q+
4R
| p| dz+
256
+cR103 &p&53L(D)+cR
10 & f &5L+cR
52 & f &256L
c=23 \|Q+
4R
|u| 5 dz++c \|Q+
4R
|u|3 dz+
53
+cR103 \|Q+
4R
| p| dz+
256
+cR103 &p&53L(D)+cR
10 & f &5L+cR
52 & f &256L
for some c. Since u # Lr, r$, for any given =0 there is R0 such that
&u&Lr, r$(Q4R & D)=0
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for all RR0 . Now we choose =0>0 so that c=0<<1. With obvious
modifications we have the same estimates in the interior. This is the right
condition for the reverse Ho lder inequality of Gehring which was extended
by Giaquinta. Indeed with Proposition 1.1 in Chapter V of [3] we prove
lemma.
Proof of Theorem 2. We define a sequence[Ri]i=0 by
Ri=(1&2&i&1) R0 , i=0, 1, 2, ... .
As in Lemma 17, we obtain
\|Q+Ri |u|
5 dz+
15
c=2150 \|Q+Ri+1 |u|
5 dz+
15
+ci \|Q+Ri+1 |u|
3 dz+
13
+ci.
We set c0=c=2150 . Hence defining
8i=\|Q+Ri |u|
5 dz+
15
and 9 i=\|Q+Ri |u|
5 dz+
13
,
we obtain a recurrence relation
8ic08 i+1+ci9i+1+ci.
Iterating (7) we obtain
80ck0 8k+2
5 :
k
j=0
c j0 c
j (9 j+1+1).
Consequently, if we choose R0 so that c0 c<<1,then we
\|Q+
(12) R0
|u|5 dz+
15
c \|Q+R0 |u|
3 dz+
13
+c.
Therefore we obtain
sup
Q+(18) R0
|u|c \|Q+(14) R0 |u|
5+_ dz)1_+c by Lemma 16
c \|Q+
(12) R0
|u|5 dz+
(5+_)5_
+c by Lemma 17
c \|Q+R0 |u|
3 dz+
(5+_)3_
+c by (8).
The proof is completed.
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5. HIGHER REGULARITY.
In this section we shall show that the velocity is as regular as the bound-
ary data of the pressure if u # Lr, r$(D) with 3r+2r$1, r>3 or
u # L3, (D) with &u&L3, =0 for some small =0 . First we shall show that if
the velocity is bounded near boundary, then it is Ho lder continuous. The
boundedness of the pressure at the boundary is necessary in the proof to
show that the pressure p lies in higher Lm space for sufficiently large m. We
employ a perturbation method with isomorphism theorem between the
Campanato space and the Ho lder space. We simply compare the solutions
of the NavierStokes equation with the solutions of heat equations. Then
from a bootstrap argument we obtain higher regularity theorem.
The following growth estimate of solutions to heat equation is useful.
Although the proof is standard, I do not know any reference and list the
proof.
Lemma 18. Suppose that v is a solution to heat equation
vt&2v=0
in Q+R with v=0 at x3=0. Then for each r<R2 there exists a constant c
independent of r and R such that
|
Qr
+
|v|2 dzc \ rR+
7
|
QR
+
|v| 2 dz
and
|
Qr
+
|{v|2 dzC \ rR+
5
|
QR
+
|{v|2 dz.
Proof. Since the estimate of the gradient {v follows in the middle of the
proof of the decay estimate of v, we only prove that
|
Qr
+
|v|2 dzc \ rR+
7
|
QR
+
|v| 2 dz
for some c. For the estimate with Poincare inequality, we have
|
Qr
+
|v|2 dzcr2 |
Qr
+
|{v|2 dzcr7 sup
Qr
+
|{u|2 (9)
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for some c. It is rather easy to estimate the tangential derivatives. Since
vxk=0 at x3=0 for k=1, 2, we apply Moser type iteration and parabolic
Caccioppoli type inequality near boundary. Hence we get
sup
Qr
+
|vxk |
2
c
R5 |Q+R2
|vxk |
2 dz
c
R7 |QR+
|v|2 dz (10)
for k=1, 2. Now we estimate the normal derivative. We need some infor-
mation on second derivatives. Considering the fact that the tangential
derivatives are zero on the boundary, we obtain that
sup
Qr
+
|vxk xk |
2
c
R5 |Q+R2
|vxkxk |
2 dz
c
R7 |QR+
|vxk |
2 dz
for k=1, 2. Likewise we observe vt=0 at x3=0 and we have
sup
Qr
+
|vt |2
c
R5 |Q+R2
|vt |2 dz
for some c. Now we take vt,2 as a test function to heat equation with a
non-negative cut-off function , and hence we get
|
QR
+
|vt |2 ,2 dz=|
QR
+
2vvt,2 dz
=&12 |
QR
+
( |{v|2 ,2)t dz&2 |
QR
+
{v } {,vt, dz.
We observe that
&12 |
QR
+
( |{v| ,2)t dz0
and hence from the Ho lder inequality we obtain
|
Q+R2
|vt | 2 dz
c
R2 |QR+
|{v|2 dz
and
sup
Qr
+
|vt |2
c
R7 |Q+R2
|{v|2 dz
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for some c. Since vx3x3=vt&vx1 x1&vx2x2 , we get
sup
Q+R2
|vx3x3 |
2
c
R2 |QR+
|{v|2 dz.
From interpolation we also get
sup
Q+R2
|vx3 |
2
c
R2
sup
Q+R2
|v|2+cR2 sup
Q+R2
|vx3 x3 |
2
and from (10) and (11) we get
cR2 sup
Q+R2
|vx3x3 |
2
c
R5 |QR+
|{v|2 dzc
c
R7 |QR+
|v|2 dz.
Since
c
R2
sup
Q+R2
|v| 2
c
R7 |QR+
|v|2 dz,
we find that
sup
Q+R2
|vx3 |
2
c
R7 |QR+
|v| 2 dz.
Therefore combining the estimates (9) and (12) we prove that
|
Qr
+
|v|2 dzc \ rR+
7
|
QR
+
|v| 2 dz.
We let v be the solution to heat equation with the boundary condition
v=u on pQ+R , then u&v satisfies
(u&v)t&2(u&v)=&(u } {) u&{p+ f
in Q+R . Recall u is bounded and p # L
m for all m<. Thus we have a
standard estimate
sup
t
|
BR
+
|u&v|2 dx+|
QR
+
|{(u&v)|2 dz
=|
QR
+
(uu) : {(u&v) dz+|
QR
+
p{ } (u&v) dz+|
QR
+
f (u&v) dz
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and
sup
t
|
BR
+
|u&v| 2 dx+|
QR
+
|{(u&v)|2 dz
|
QR
+
p2+|u|4+| f | 2 dzc(=) R5&=
for all =. With Poincare inequality we also have
|
QR
+
|u&v|2 dzcR2 |
QR
+
|{(u&v)|2 dzc(=) R7&=
for some c, for all =>0.
The following theorem is our main result. From the isomorphism
theorem of Campanato space and Ho lder space the velocity u is Ho lder
continuous up to boundary.
Theorem 19. Let = be a positive constant. Then, for each r<(R2) there
is a constant c independent of r and R such that
|
Qr & D
|u&ur | 2 dzc \ rR+
7
|
Qr & D
|u&uR |2 dz+cR7&=
where uR=1( |QR & D| ) QR & D u dz. Consequently u # C
:(Q1 & D) for all
: # (0, 1). Moreover for each r<(R2) there is a constant c independent of
r and R such that
|
Qr & D
|{u| 2 dzc \ rR+
5
|
Qr & D
|{u| 2 dz+cR5&=.
Proof. First we show that
|
Qr & D
|u| 2 dzc \ rR+
7
|
QR & D
|u|2 dz+cR7&=.
In fact we have
|
Qr & D
|u| 2 dzc |
Qr & D
|v|2 dz+c |
Qr & D
|u&v|2 dz
c \ rR+
7
|
QR & D
|u|2 dz+c |
Qr & D
|u&v| 2 dz
c \ rR+
7
|
QR & D
|u|2 dz+cR7&=.
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From minimizing property of ur we have
|
Qr & D
|u&ur |2 dz|
Qr & D
|u| 2 dz
To show that
|
QR & D
|u| 2 dzc |
QR & D
|u&uR |2 dz,
we need only to prove that
|uR |2
c
|QR & D| |QR & D |u&uR |
2 dz
for some c. For the simplicity we assume R=1 and |uR |=1. This can be
achieved from scaling. From the estimate (14) we get
|
Qt & D
|u|2 dzcr7&=
for all r and this implies that
|u(x$, x3 , t)|cx1&=$3
with some =$, where =$ goes to zero as = goes to zero. We let
R0=(12c)1(1&=), then
|
QR & D
|u&uR | 2 dz|
[R0>x3>0] & D
1
2 dzc
and from rescaling we show a Campanato type growth estimate of mean
square oscillations near boundary. With minor modifications we can prove
the growth estimate of the mean square oscillation in the interior.
Now we shall prove C1, : regularity of solutions under the assumption
that the tangential derivatives of the pressure on the boundary are bounded.
First we show that the boundedness of tangential derivatives of the pressure
implies that the velocity gradient {u is Ho lder continuous up to boundary.
Then ut satisfies a Campanato type growth estimate up to boundary and
hence ut is Ho lder continuous up to boundary. Furthermore from the
bootstrap argument we have the following local higher regularity theorem.
We also assume that D & Q4=Q+4 and hence D & Q4=[x3=0] & Q4 .
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Theorem 20. Suppose that ;1+;2px;1t;2 # L(D _ QR) for each
(;1 , ;2) such that |;1 |+;2k, then u # Ck, :(Q+R2 ) for each : # (0, 1),
where ;1 is multi-index such that ;1=(k1 , k2 , 0).
Remark. All the quantities ;1+;2px;1t;2 on the boundary are com-
pletely decided by the data of p at the boundary, since no normal derivatives
are involved.
We begin with Morrey type growth estimate of {ut and {2u. We need to
show that the tangential derivatives are bounded near boundary.
Lemma 21. Suppose that px1 , px2 # L(D & QR), then ux1 and
ux2 are bounded in Q
+
R2 .
Proof. We differentiate the NavierStokes equations with respect to xk ,
k=1, 2 and find that
(uxk)t&{uxk+(uxk } {) u+(u } {) uxk+{pxk=0.
From Lemma 8 and the fact that uxk=0, k=1, 2, we have pxk #
L2(D & QR2) for k=1, 2. Also taking divergence we have
2pxk=&
2
xi xj
(u ju jxk+u
i
xk
u j)+{ } fxk .
for k=1, 2. Since u is bounded and pxk is bounded on the boundary, from
CalderonZygmund estimate we have that
&pxk &Lm(Qr+)c(&u&L) &uxk &Lm(Qr+)+c &pxk &L1(D & Q2r)
+c &pxk &L(D & Q2r)+c &{f &Ln+$
for all 1<m<. Since uxk=0, k=1, 2 on the boundary, we apply a
similar type iteration in section 3 and prove that
&uxk &L(Q+R2)<
for k=1, 2.
Lemma 22. Suppose that px1 , px2 # L(D & QR), then we have
|
QR
+
|{2u| dzcR5&=
for all =>0.
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Proof. We employ a comparison method again. We let vk be the
solution to heat equation (vk)t&2vk=0 with boundary data vk=uxk on
p Q+R for k=1, 2. Then from Lemma 18 we get
|
Qr
+
|{vk | 2 dzc \ rR+
5
|
QR
+
|{vk |2 dz
for some c. Thus we have
|
Q+r
|{uxk |
2 dzc |
Q+r
|{vk |2 dz+c |
Q+r
|{uxk&{vk |
2 dz
c \ rR+
5
|
QR
+
|{vk |2 dz+c |
QR
+
|{uxk&{vk |
2 dz
c \ rR+
5
|
QR
+
|{vxk |
2 dz+c |
QR
+
|{uxk&{vk |
2 dz
for some c. Recall u, uxk , k=1, 2 are bounded and pxk , k=1, 2, lies in any
Lm space for all m<. Now we have
(vk&uxk)t&2(vk&uxk)=(uxk } {) u+(u } {) uxk+{pxk& fxk
and taking vk&uxk as a test function we have
|
QR
+
|{uxk&{vk |
2 dzc(=) R5&=
for k=1, 2 and for all =. Hence we have
|
Qr
+
|{uxk |
2 dzc \ rR+
5
|
QR
+
|{uxk |
2 dz+c(=) R5&=
for k=1, 2. Now we need to estimate the normal derivative ux3 . To do this
we need to find some information on ut . We consider the equation of the
first component of velocity, that is,
u1t &2u
1&(u } {) u1+ px1= f
1.
Again u1t =0 in the boundary. Hence if we multiply u
1
t ,
2 to the previous
equation and integrate in Q+R , we obtain
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| (u1t )2 ,2 dz+sup
t
| |{u1|2 ,2 dx
2 | |{u1 } {,u1t ,| dz+| |u| |{u1| |u1t | ,2 dz
+| | px1 | |u11 | ,2 dz+| | f 1| |u11 | ,2 dz.
Now we have
| |{u1 } {,u1t ,| dz|
0
&R2 _|BR+ (u
1
t )
2 ,2 dx&
12
_|BR+ |{u
1|2 |{,|2 dx&
12
dt
sup
t _|BR+ (u
1
t )
2 ,2 dx&
12
|
0
&R2 _|BR+ |{u
1| 2 |{,|2 dx&
12
dt
 12 sup
t
|
BR
+
(u1t )
2 ,2 dx+2R2 | |{u1| 2 |{,|2 dz.
From the Ho lder inequality we find that
| (u1t )2 ,2+sup
t
| |{u1|2 ,2 dx
cR2 | |{u1|2 |{,|2 dz+c | |u|2 |{u|2 ,2 dz+c | | px1 |2 ,2 dz.
Furthermore we know already from Theorem 19 that
|
QR
+
|{u| dzcR5&=
from some c. Thus from the estimate (16) of tangential derivatives of the
pressure we get
|
QR
+
|ut |2 dzcR5&=.
Also from the equation we have
u1x3x3=u
1
t &u
1
x1x1
&u1x2x2+(u } {) u
1+ px1+ f
1
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and hence
|
QR
+
|u1x3x3 |
2 dz|
QR
+
|u1t |
2+|u1x1x1 |
2+|u1x2x2 |
2+| px1 |
2+|u| 2 |{u1| 2 dz
cR5&=.
In the same way we have
|
QR
+
|u2x3 x3 |
2 dzcR5&=.
and this implies that
|
QR
+
|{2u1|2+|{2u2|2 dzcR5&=.
We estimate the growth rate of second derivatives of u3. We know
already that if i{3 or j{3,
|
QR
+
|u3xi xj |
2 dzcR5&=.
Finally from divergence free condition of u we get
u3x3=&u
1
x1
&u2x2 and u
3
x3x3
=&u1x1x3&u
2
x2x3
.
Therefore from the growth estimate of u1x1x3 and u
2
x2x3
, we conclude that
|
QR
+
|{2u|2 dzcR5&=.
Lemma 23. Suppose that pt is bounded on D & Q1 , then for any
given R>0 we have
|
QR
+
|{ut | 2 dxc(=) R5&= and |
QR
+
|ut&(ut)R | 2 dxc(=) R7&=
for all =>0 and for some c independent of R. Consequently, u # C1, :(Q+1 ).
Proof. Taking time derivative to the pressure equation, we have
2pt=
2
xi xj
(uit u
j+uiu jt )+{ } ft .
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If we follow the same argument in section 3 to estimate Lm norm of the
time derivative of pressure, we obtain
&pt&Lm(QR+)c(&u&L)(&ut&Lm(Q+2R)+&pt &L(D & Q2R))+&pt&L1(D & Q2R)+1
for all 1<m<. From Lemma 8 we know that pt # L2(Q+2R) and hence
pt # Lm(Q+R ) for all m<. Therefore the integral of | pt |
2 in Q+R satisfies a
Morrey type growth
|
QR
+
| pt |2 dzcR5&(10m) \|QR+ | pt |
m dz+
2m
cR5&(10m)
for all m< and for some c independent of R. We also take time
derivative to NavierStokes equations and then the equation will be
utt&2ut+(ut } {) u+(u } {) ut+{pt= ft .
Note that ut=0 on the boundary. Thus taking test function ut,2 we have
sup
t
|
BR
+
|ut | 2 dx+|
QR
+
|{ut | 2 dz
c
R2 |Q+
2R
|ut | 2 dz+ +|
Q+
2R
| pt |2+| ft |2 dz.
If we follow Theorem 19 with ut instead of u, we have
|
Q+
2R
|ut |2 dzcR7&=
and
|
Q+
2R
| pt |2 dzcR5&=
Therefore we conclude that
|
QR
+
|{ut | 2 dzcR5&=.
for all =>0.
Since {ut and {2u satisfies the Morrey type growth estimate up to
boundary
|
Qr & D
|{2u|2+|{ut |2 dzcR5&=,
we conclude that {u is Ho lder continuous up to boundary.
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If we let v be the solution to heat equation vt&2v=0 in Q+R with the
boundary condition v=ut on pQ+R , then from the argument in Theorem 19
we have
sup
t
| |ut&v| 2 dx+|
QR
+
|{ut&{v|2 dz
2 &u&L | |ut | |{ut&{v| dz+|
QR
+
| pt | |{ut&{v| dz
+|
QR
+
| ft | |ut&v| dz
and hence from the growth estimate of ut and pt we get for any given R>0
sup
t
| |ut&v|2 dx+|
QR
+
|{ut&{v|2 dzcR5&=
for all =>0 and for some c independent of R. Repeating the argument of
Theorem 19 for ut with obvious modifications, we obtain for any given
R>0
|
QR
+
|ut&(ut)R | dzcR7&=
for all =>0 and for some c independent of R and this completes the proof.
We can repeat the arguments of Theorem 19 to Lemma 23 for any
higher derivatives of velocity and pressure to get Campanato type growth
estimate and Morrey type growth estimate for higher derivatives. Then
from the bootstrap method we prove Theorem 20.
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